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Figure S7: Initial 2D UMAP result for Snellen eye chart experiment prior to 3D flattening. Maximume-intensity
projection of the reconstructed Snellen eye chart generated using the standard 2D UMAP pipeline applied directly to the
bead—bead interaction matrix. Each point represents a DNA-barcoded bead (n = 1.44 million), colored by the summed
decoder counts across all 13 printed poly(A)-tailed oligonucleotide “paints.” Although major features of the eye chart are
discernible, the reconstruction exhibits macroscopic warping and curvature, likely reflecting non-uniform diffusion during
the SCOPE reaction across this large array.
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Figure S8: Representative results from a parameter grid search performed on the bead-bead interaction matrix
derived from the butterfly-shaped hydrogel mold. The matrix was filtered to include barcodes with at least 1,000 UMIs
and reconstructed using a fixed number of training epochs (n = 1,000) and nearest neighbors (n = 15). Columns show
different normalization strategies: (left) raw count matrix; (middle) normalized count matrix scaled to 10,000 total counts
per barcode and log-transformed; (right) matrix normalized by dividing each entry by its row and column sums, then
symmetrized by averaging with its transpose. Rows correspond to varying min_dist values.
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Figure S9: Representative results from a parameter grid search performed on the bead-bead interaction matrix
derived from the block letter E-shaped hydrogel mold. The matrix was filtered to include barcodes with at least 1,000
UMIs and reconstructed using a fixed number of training epochs (n = 1,000) and nearest neighbors (n = 15). Columns
show different normalization strategies: (left) raw count matrix; (middle) normalized count matrix scaled to 10,000 total
counts per barcode and log-transformed; (right) matrix normalized by dividing each entry by its row and column sums,
then symmetrized by averaging with its transpose. Rows correspond to varying min_dist values.
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Figure S10: Lowering UMI cutoffs for barcode inclusion in 3D reconstructions leads to spurious barcode clusters.
SCOPE sequencing libraries were filtered for barcodes with at least 100 UMIs (left) vs. 1,000 UMIs (right) and
reconstructed in 3D using the UMAP algorithm (1,000 training epochs, n_neighbors = 15, min_dist = 0.4) on the

normalized count matrix.
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Supplementary Materials

Materials and Methods:

Molecular biology methods

Hydrogel bead fabrication

Hydrogel beads were produced through the use of a flow focusing microfluidic device to create water in oil
emulsions (43). First, acrydite-modified oligos were designed and ordered from IDT with the TruSeqR1
(OLG_001:  /5Acryd/TTTTTTT/ideoxyU/CTACACGACGCTCTTCCGATCT) and TruSeqR2 (OLG_002:
ISAcryd/TTTTTTTTTTGTGACTGGAGTTCAGACGTGTGCTCTTCCGATCT) lllumina sequences. Acrydite
oligos were stored at -20°C. The TruSeqR1 handle contained a deoxyuracil for USER enzyme-controlled
cleavage off the bead. To make the polyacrylamide gel beads, a DNA and acrylamide mix (3% (v/v)
acrylamide/bis solution (Sigma), 3% acrylamide solution (Sigma), 48 mM Tris—HCI pH 8.0, 0.25% (w/v)
ammonium persulfate, 0.1X Tris-buffered saline-EDTA (TBSET: 10 mM Tris—HCL pH 8.0, 137 mM NaCl, 20
mM EDTA, 1.4 mM KCI, 0.1% (v/v) Triton-X 100), 50 yM of OLGO001, and 50 uyM of OLG002) was first
prepared. The TEMED (Bio-Rad) catalyst was held out of the aqueous phase to prevent premature
polymerization and added into the emulsion collection tube instead. The acrylamide mix was run through a
droplet generator (Droplet Genomics) set up with a DG-DM-25 chip (Atrandi Biosciences) as the aqueous
phase at 200 uL/hr, along with 2% RAN-008-FS v/v (Ran Biotechnologies) in HFE7500 (Oakwood Chemical)
as the oil phase at 300 pL/hr. The resulting emulsions were allowed to polymerize overnight at room
temperature. To break the emulsions, 150 uL of 1H,1H,2H,2H-Perfluorooctanol, 97% (Thermo Scientific
Chemicals) was added for every 1 mL of beads produced. The bead solution was vortexed and centrifuged for
1 minute at 1000 x g and excess oil was removed from the polyacrylamide bead layer. Two more washes with
a 1:1 ratio of hexane to TBSET were performed to further remove residual oil. Finally, multiple TBSET washes
were performed until all the residual oil was removed.

Hydrogel bead barcoding and functionalization
Four consecutive rounds of splint barcodes were ligated together to build the bead barcodes. Eight plates of

top and bottom oligos were ordered for the four barcode splints (Table S1). The following protocol closely
followed the Delley & Abate protocol to make combinatorially barcoded hydrogel beads (36). Briefly,
polyacrylamide beads were prepared for splint ligation by first annealing primer OLG_003 (Table S2) to the
polyacrylamide-incorporated DNA stub on the bead. This step creates a four base pair overhang as a handle
on which to ligate the first barcoded splint. Barcoded splints were ordered as two separate oligos to form the
top and bottom portions of the splint and mixed at a 1:1 ratio. If the splint components were ordered without a
5’ phosphorylation modification, T4 PNK (NEB) was used to add phosphate groups to the top and bottom
oligos before each round of ligation. For the first round of barcoding, beads were distributed across a 96 well
plate containing barcoded splints and ligated with T4 ligase (NEB). The plate was placed in a thermomixer at
37°C for 2 hours, shaking at 1000 rpm to prevent beads settling at the bottom of the wells. The T4 ligase
reaction was inactivated at 65°C for 20 minutes before the beads from each well were pooled together and
mixed well. The barcoding and split-pooling steps were repeated for a total of four times to create a 96*
combinatorial barcode space.

Once the beads have been uniquely barcoded via splint ligation, a capping sequence was added to the end of
the barcode to functionalize the bead oligo. Since the bead proximity reactions rely on creating 20 subtypes of
beads that can interact with beads of another subtype but not with their own, the beads were divided into 20
pools for 20 separate functionalization reactions. Each functionalization reaction contains 1.5 parts of each of
the 19 antisense capping oligos and 20 parts of the single sense capping oligo (Table $S1;
Sense_messenger_001-020, Antisense_messenger_001-020). For example, one of the reactions would
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contain 20 puL of Sense messenger 001 and 1.5 pL each of Antisense_messenger 002 through
Antisense_messenger_020 (Antisense_messenger_001 was left out). The entire mixture of 19 antisense to
one sense oligos was then mixed with a poly-dT capping oligo (Table S1; Decoder_001) at a 1:1 ratio, and
then ligated onto the fourth bead barcode splint with T4 ligase. Thus, both decoder and messenger species
were loaded onto the bead barcodes and the beads were able to perform poly-A molecule capture and
bead-bead proximity interactions, respectively. Finally, to get rid of incomplete DNA oligo stubs resulting from
inefficiencies at any of the previous ligation steps, beads were treated with Exol nuclease after annealing
complementary oligos to all possible functional 3’ caps. Beads were then stored at 4°C for up to one year.

tin nsel ked monolayers of bari immobiliz n gl i

To immobilize barcoded beads in a dense monolayer, 15 L of packed beads were first mixed with 2.75 uL of
Bis-acrylamide 37.5:1 (Bio-Rad) to form a bead slurry. 0.55 uL of freshly prepared 5% (w/v) APS (Bio-Rad)
was added to the bead slurry and the entire solution was pipetted as a large droplet onto a 25.4 mm x 76.2 mm
microscope glass slide functionalized with 3-(Trimethoxysilyl)propyl methacrylate (Sigma-Aldrich) as described
previously (22). A 22 mm x 22 mm coverslip was placed over the bead slurry and lightly pressed down to
spread the beads into a single layer. These reagent volumes were scaled for casting larger arrays. The
spreading of the beads was checked by eye under the microscope to ensure a densely packed monolayer
under the area of the coverslip.

Once beads have been spread underneath the coverslip in the acrylamide mixture, we sought to polymerize
the acrylamide directly onto the functionalized glass surface. As oxygen inhibits the polymerization reaction, a
chamber was prepared using a one-gallon Ziploc bag filled with inert argon gas to flush out the oxygen or set in
an anaerobic chamber (Coy Labs). To catalyze the polymerization of the encasing gel, 2% (v/v) TEMED
solution was pipetted around the edges of the coverslip and the slide was placed in an anoxic chamber
overnight. Once the gel had polymerized, the glass slide was incubated in a tray with enough water to cover
the slide for at least 10 minutes at room temperature. After the encasing gel had been hydrated, a new razor
blade was inserted under the edge of the coverslip and used to peel the coverslip away from the bead array. 1
mL of water was then used to rinse the bead monolayer for a total of five times, and the rinsed slide was
placed into a tray with enough water to cover the monolayer for 10 minutes. These rinsing steps were for
washing off unpolymerized acrylamide monomers in the encasing gel that inhibit subsequent PCR reactions.
The bead monolayer was then dried uncovered in the fume hood and stored at 4°C until use.

Printing images on bead arrays with oligonucleotide inks
Thirteen poly-dA oligos (OLG_007 through OLG_019) were first reconstituted to 100 uM in IDTE pH 7.5 and

then diluted to 1 uyM in printing buffer (0.01% Tween-20 (v/v) and 0.5% (v/v) glycerol). Because the
FAM-conjugated poly-dA oligo displayed weak fluorescent signal during imaging, DAPI was included into the
printing buffer for this particular oligo so that those spots emitted fluorescence in the DAPI channel. Each oligo
was loaded into a separate well of a 384 well-plate (Scienion CPG-5502-1) and spotted using the Scienion
Sciflexarrayer S3 using a piezo dispense capillary 100 (PDC 100). A custom map was loaded for each oligo
and prints were conducted serially with a spot-to-spot spacing of 100 um with a pitch of 50 um. After printing,
the bead array was imaged using the Keyence BZ800 with a 4x objective. Tiled images were stitched and
saved for image processing.

SCOPE reactions for messengers and decoders (circular and asymmetric arrays — Fig. 3)

The desired shape was made in the dried bead monolayer by scraping the excess beads off the glass slide
with a clean razor blade. To constrain poly-dA hashing oligos to specific areas of the bead monolayer for
capture, 0.2 pL of 0.1 yM poly-dA hashing oligo (Table $2; OLG_004 through OLG_006) was pipetted directly
onto the bead monolayer and let dry in the fume hood. Next, a silicone chamber (Grace Bio-Labs, 20 mm
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diameter, 2.5 mm height) with an adhesive back was adhered to enclose the shaped bead monolayer. For the
USER and reverse transcription reaction, a master mix of 1X CutSmart (NEB), 1X SuperScript IV RT Buffer
(Thermofisher), 500 yuM dNTPs (NEB), 67 U/mL of USER enzyme (NEB), 10000 U/mL of SuperScript RT
Enzyme (Thermofisher) was prepared. For a 20 mm diameter chamber, 50 pL of USER and reverse
transcription master mix was added to the center of the bead monolayer. An 18 mm diameter glass cover slip
round was gently placed on top of the bead monolayer so that the master mix is spread evenly underneath the
coverslip and covers the entire area of the monolayer.

The slide was then placed in a pre-warmed thermal cycler with an adaptor that can directly transfer heat evenly
from the thermal cycler block to a glass slide. Care was taken to ensure that the lid of the thermal cycler does
not press down on the slide with the adherent chamber, with PCR tubes placed at the edges of the thermal
cycler block to keep the thermal cycler lid off the slide. The glass slide was then incubated at 37°C for 15
minutes and 55°C for 15 minutes for the USER and reverse transcriptase reactions, respectively. Once the
USER and reverse transcription reaction were finished, the slide was taken out of the thermal cycler and a
clean razor blade was used to carefully remove the coverslip on top of the bead monolayer. To collect the
USER-cleaved barcodes from the bead monolayer, which form the sender-decoder and proximal poly-dA oligo
chimera, 200 uL of water was added into the chamber and a P200 pipette was used to triturate the solution
gently. The entire volume of solution inside the chamber was collected into a new 1.5 mL tube, which was then
used for generating the library of poly-dA molecules that have been captured by a spatial bead barcode.

To collect bead interaction information, which is based on sequencing counts of sender-messenger and
receiver-messenger chimeras, the bead monolayer in the chamber was washed three more times with 300 L
of water. After removal of the last wash, 100 yL of 0.1 M NaOH was added into the chamber, covering the bead
monolayer. The solution was incubated at room temperature for 15 minutes to denature the sender-receiver
chimeric molecules off of the beads. Then, the entire volume of the chamber was collected into a new 1.5 mL
tube. 100 pL of 0.1 M Tris-HCI pH 8.0 was pipetted into the chamber and triturated gently several times with a
P200 pipette to neutralize the previous NaOH wash and rinse the remaining denatured sender-receiver
chimeric molecules from the bead monolayer. The entire volume was then collected from the chamber and
added to the 1.5 mL tube with the previously collected NaOH wash.

A SPRI reaction was performed on the entire poly-dA collection volume to size select for the decoder library
and eluted in 20 pL of water. On the entire volume of denatured sender-receiver messengers, a SPRI cleanup
was performed and eluted in 20 uL of water. These two elutions were then prepared as lllumina sequencing
libraries via an indexing PCR step to add the lllumina handles and sequencing indices.

Indexing PCRs for SCOPE libraries (circular and asymmetric arrays — Fig. 3)

A 30 uL indexing PCR reaction was prepared with 15 uL of NEBNext High-Fidelity 2X Master Mix (NEB), 10 uL
of template DNA (SPRI purified from the previous section), and 4 yM each of forward and reverse indexing
primers (Table S2). Messenger reactions used TruseqP5 (OLG_025) and Truseq P7 (OLG_026) indexing
primers, while decoder reactions used NexteraP5 (OLG_028) and TruseqP7 (OLG_026) indexing primers.
SYBR Green was added to track the number of PCR cycles before saturation and the PCR was performed with
an annealing temperature of 69°C and an extension time of 45 seconds. The PCR reaction was stopped before
the qPCR SYBR Green curve went past the exponential phase. A final SPRI cleanup was performed on the
crude PCR product from the decoder-polyA molecule capture library, as well as a final SPRI cleanup of the
crude PCR product from the sender-receiver messenger library. The concentration of the libraries was
quantified using a High Sensitivity D1000 ScreenTape on a TapeStation 4200 system. Most sequencing runs
were performed with P2 200 cycle kits on NextSeq 2000 (lllumina) with standard chemistry. Reads were
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paired-end spanning 105 base pairs for Read1, 105 base pairs for Read2, and 10 base pairs for both P5 and
P7 indices. This read structure provides two times the sequencing coverage over the portion where annealing
happens in the chimeric sender-receiver molecule. The same read structure can also accommodate the
decoder-captured poly-dA molecule library, so that it can be sequenced on the same run as the messenger
library. To increase sequence diversity, between 10 and 15% Phi-X was spiked into the sequencing library and
runs were loaded at 850 pM.

SCOPE reactions for messengers and decoders (large eye exam array - Fig. 4

Since the oligo spots that were printed onto the bead array show outwards diffusion as in Fig. $7, we sought to
limit the diffusion of these printed oligos so that letter shapes with sharp boundaries can be recovered. After
the oligos were printed on the bead array, three poly-dA oligos (OLG_020 through OLG_022) were diluted to
0.1 uM and a single oligo was used in consecutive washes of the array. Thus, we could soak up the available
decoder molecules on the beads that were not in contact with the printed oligo spot through hybridization with
these background poly-dA oligos.

Given the larger size of the bead array for the eye exam diagram reconstruction compared to the previous
circular and asymmetric arrays, the reaction volumes were scaled accordingly based on the fold change in
surface area of the arrays. A glass coverslip was placed on top of the bead array during the two-phase USER
and reverse transcriptase reaction, as described for the circular and asymmetric arrays. To collect the
supernatant containing the sender-decoder and poly-dA oligo chimeras, the array was washed with a low salt
buffer (10 mM Tris-HCI pH 8, 10 mM NaCl, 3 mM MgCI2, 0.1% (v/v) Tween-20, 0.1% (v/v) NP-40). The
messenger library was collected by incubating the array in 300 uL of 0.2 M NaOH at room temperature for 7
minutes and quenching with 50 yL of 1 M Tris-HCI pH 8. The collected decoder and messenger libraries were
then SPRI purified as described for the circular and asymmetric arrays.

Indexing PCRs for SCOPE libraries (large eye exam array — Fig. 4)

For the decoder library with captured poly-dA hashes, a 200 uL indexing PCR reaction was prepared with 100
uL of NEBNext High-Fidelity 2X Master Mix (NEB), 90 uL of template DNA (SPRI purified from the previous
section), and 0.2 pyM each of NexteraP5 forward (OLG_028) and TrusegqP7 reverse (OLG_026) indexing
primers (Table S2). SYBR Green was added to track the number of PCR cycles before saturation and the PCR
was performed with an annealing temperature of 60°C and an extension time of 30 seconds. The PCR reaction
was stopped at 6 cycles. A 0.8X SPRI cleanup was performed on the crude PCR product from the decoder
library to generate the final sequencing library.

For the messenger reactions containing bead proximity information, a 300 yL PCR reaction was prepared with
150 uL of NEBNext High-Fidelity 2X Master Mix (NEB), 100 uL of SPRI purified messenger products, and 0.2
MM each of TrusegqP5 forward (OLG_023) and TruseqP7 reverse (OLG_024) primers (Table S2). These
primers did not contain a sequencing index, which would be later added in the subsequent PCR reaction.
SYBR Green was added to track the number of PCR cycles before saturation and the PCR was performed with
an annealing temperature of 63°C and an extension time of 30 seconds. The PCR reaction was stopped at 8
cycles. Two consecutive 0.85X SPRI cleanups were performed. The SPRI purified template was then put into a
100 pL indexing PCR reaction with 50 pyL of NEBNext High-Fidelity 2X Master Mix (NEB) and 0.2 yM each of
TruseqP$5 forward indexing (OLG_025) and TrusegP7 reverse indexing (OLG_026) primers (Table S2). Both
libraries were sequenced on both the Illumina Nextseq 2000 and Novaseq as previously described for the
circular and asymmetric arrays.

Fluor nce in situ hybridization
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For FISH of fiduciary barcode probes, a similar procedure was followed where arrays were washed in 1 mL of
6X SSC three times before incubation with 1 uM of fluorescence-conjugated oligos (Table S2; OLG_029 and
OLG_030). Primers were hybridized to the bead barcodes at 37°C for 30 minutes. After primer hybridization,
unbound primers were removed and the array was washed 3 times with 1 mL of 1x PBS with 0.01% (v/v)
Tween-20. The bead array was then imaged on the Keyence BZ-X800 microscope using EGFP and Cys5 filter
sets from Chroma using a 10x objective (NA 0.45, Nikon).

Casting bead-packed 3D gel scaffolds
A dense slurry of 100 um DNA-barcoded beads was mixed into 4-6% final polyacrylamide concentration (15:1

acrylamide:crosslinker) and 0.7% APS. After coating the inside of the desired mold with 1-2 yL of TEMED, the
bead slurry and encasing gel was pipetted into the mold and allowed to polymerize at room temperature for 20
minutes. Once polymerized, the gel matrix was released from the mold and soaked in 10 mL of water for 10
minutes. The polymerized gel was then washed with 1 mL of water for a total of three times. Gels were stored
in water until ready for use on the same day.

SCOPE reactions for bead-embedded gel matrices (3D reconstructions — Fig. 5)

The polymerized bead-embedded gel was then transferred to a 2 mL-Eppendorf tube. A 150 yL master mix
was prepared with 75 pL of NEBNext High-Fidelity 2X Master Mix (NEB), 8 pL of USER (NEB), and 1X
rCutSmart (NEB) and transferred to the sample. Depending on the size of the polymerized gel, a larger volume
tube and higher volume of master mix may be required to submerge the gel in the master mix. The tube was
then incubated at 37°C for 30 minutes and slowly ramped up to 72°C over the course of another 30 minutes.

To collect bead interaction information, which is based on sequencing counts of sender-messenger and
receiver-messenger chimeras, the polymerized gel was washed three times with 1 mL of water. After removal
of the last wash, 150 yL of 0.1 M NaOH was added into the tube, submerging the bead-embedded gel object.
The solution was incubated at room temperature for 10 minutes to denature the sender-receiver chimeric
molecules off of the beads. Then, the entire volume of the tube was collected into a new 1.5 mL tube. 150 uL
of 0.1 M Tris-HCI pH 8.0 was then pipetted into the tube and triturated gently several times with a P200 pipette
to neutralize the previous NaOH wash and rinse the remaining denatured sender-receiver chimeric molecules
from the beads. The entire volume was then collected from the chamber and added to the 1.5 mL tube with the
previously collected NaOH wash. For larger 3D matrices, a larger volume of denaturing and quenching solution
may be required to submerge the object.

On the entire volume of denatured sender-receiver messengers, a 1.0 X SPRI cleanup was performed and
eluted in 20 uL of water. The elution was then prepared for lllumina sequencing via an indexing PCR step to
add the lllumina handles and sequencing indices (same indexing PCR reactions as the ones for 2D SCOPE
reactions).

Computational methods

Fastq read processing for bead-bead interaction matrix

From the fastq file of sequencing the messenger library, the four 10-bp sub-barcodes of the combinatorial
spatial barcode were extracted from Read1 and error corrected to known barcodes through the following
process. In our final bead barcode, known 4-bp “scars” exist between each of the sub-barcodes from ligating
the barcoded splints together. Additionally, the set of 96 sub-barcodes at the first position contain extensions
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between 0 and 3-bp, which need to be determined to extract the rest of the sub-barcodes. To do so, each pair
of sequencing reads was first mapped to scar sequences to determine the extension length of the first of the
four sub-barcodes (between 0 and 3-bp), as well as the positions of each sub-barcode. Next, the four extracted
sub-barcodes were mapped to true sub-barcode sequences. The annealed portion between the sense and
antisense ends of two bead barcodes were also mapped to known messenger sequences.

For error correction of the sequences, certain numbers of substitutions were allowed to account for sequencing
errors via calculating the Levenshtein distances between them. The Levenshtein distance between two
sequences is the minimum number of single-base edits (insertions, deletions or substitutions) required to
change one sequence into the other. For scars mapping, we tried different extension lengths and took the
extension length that minimizes the Levenshtein distance and then allowed the Levenshtein distance to be
lower than 2. For barcode mapping, we allowed each of the 4 barcodes to have a Levenshtein distance lower
than 2. For mapping of the annealed region between the two barcodes, we corrected sequences up to 2
Levenshtein distance away from known messenger sequences.

Fastq read processing for poly-dA oligo capture library
From the fastq file of sequencing the decoder library, the four 10-bp sub-barcodes of the combinatorial spatial

barcode were extracted from Read1 and error corrected to known barcodes following the same process as the
one for the messenger library. The poly-dA oligo’s barcode was extracted from the first ten base pairs of
Read2, and the number of UMIs from the Read1 spatial barcode indicated how many poly-dA oligos were
captured.

Quantifying bead-bead Interactions

After error-correcting the sequencing reads for the messenger library, we performed 3 steps of filtration to
determine real barcodes in our dataset. We first filtered the reads by collapsing interactions between the same
pairs of UMIs. Next, we filtered the barcodes by the number of times they appear, keeping barcodes that
appear at least “x” number of times, which was determined by where the steepest drop-off occurred in a knee
plot of UMI counts. Finally, we filtered for barcodes that appear in both reads sent from beads and reads from
receiving beads. We then encoded each bead barcode into a unique integer, and counted the number of
interactions between every pair of barcodes. These steps result in an asymmetric interaction count matrix
where the rows are barcodes being sent from beads and the columns are barcodes being received by beads.

This interaction count matrix was then stored in the sparse matrix format.

Doublet detection to remove sets of beads that share the same DNA barcode

Since large numbers of beads were present in the arrays, a non-negligible number of beads may be doublets,
i.e. beads that do not have a unique DNA barcode. The theoretical number of doublets in an array is a function
of the number of possible barcodes (N) and the number of beads in the array (n):

1— 1_% n—1
Expected_number_doublets = [ ( ) -n]

We performed clustering-based doublet detection to remove such beads. We first built an unweighted graph
with the interaction count matrix: if two beads had non-zero interaction counts, there was an unweighted edge
between the nodes representing these two beads in the graph. Next, we iterated through each node in the
graph and performed Leiden clustering to find communities among its neighbors. The threshold we set for a
bead being a doublet was as follows: the neighborhood of the bead should form more than 1 cluster and the
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largest cluster must be less than 4 times the size of the second largest cluster. Since the number of doublets
detected depends on the selected clustering resolution and varies across datasets, for each dataset we
performed a grid search on the resolution parameter. We selected the clustering resolution that identified a
number of doublets closest to the theoretical value.

Custom simulation of diffusing messenger oligos from beads arrayed in hexagonal lattice
We developed a simulator to guide development of inference methods. To develop the simulator, we did an

empirical investigation to understand the decay of bead-bead interaction across distance, and landed on an
inverse-square model (Fig. 2H). We also used a simple binomial model of bead compatibility. To do a full
simulation, we combined the inverse-square weight function with a sample dataframe giving joint row and
column read counts to get a per-bead sender and receiver read count, then used multinomial sampling to get
the desired number of reads. This ensured that the joint distribution of read counts in the simulation matched
those from real data.

Mapping from sender/receiver interactions to pairwise bead distances
Sequencing of the sender-receiver reaction products yields a bead-bead interaction count matrix. This matrix

represents the counts of all observed interactions involving an oligo diffusing through space from one bead to
another. Thus, it is in essence a “similarity” matrix; higher counts indicate beads that are closer together in
space. However, it is not a symmetric measure, as the sending and receiving counts for each pair of beads are
represented separately. This similarity matrix is highly sparse, as interactions for most pairs of beads that are
not sufficiently close are not observed. Since most methods for reconstructing position data require Euclidean
distance matrices as input, we sought to devise a way to map from our similarity matrix, i.e. the measured
counts of sender/receiver interactions, to a distance matrix.

Using our custom simulation, we can generate such interaction count matrices alongside simulated bead
positions, arranged in a hexagonal lattice. The simulation is parametrized with the per-bead messenger oligo
count distribution from the empirical data. After normalizing this count matrix by the total number of molecules
sent and received by each bead and averaging the matrix with its transpose, we arrive at a symmetric similarity
matrix. We then use a random forest model to perform regression between the normalized pairwise bead-bead
similarities for each pair of simulated beads and the corresponding pairwise Euclidean distances from the
simulation. We then use this regression function, trained on a simulation, to map our observed, normalized
similarity matrix from an experiment to an inferred pairwise distance matrix.

However, this distance matrix has several flaws, chiefly that all the “zeros” in the similarity matrix have been
mapped to a single distance value, as per the nature of a regression function. Therefore, our distance matrix is
only an approximation of the true pairwise distances between the beads, since the diffusion process that we
observe in the form of our interaction matrix only measures discrete molecular binding events. Thus, an
important property is that our distance matrix is most accurate at local distances. This precludes the use of
classical methods such as Multi-Dimensional Scaling to compute the inferred bead positioning.

lusterin n mputing global reconstruction
Rather, we opted to use Uniform Manifold Approximation Projection (UMAP) to compute the inferred bead
positioning. Most often used as a manifold learning algorithm for dimensionality reduction and visualization,
UMAP algorithms can also accept as input a pairwise precomputed k-nearest neighbor distance matrix.
Although UMAPs are usually said to introduce significant error in dimensionality reduction, our problem is
fundamentally a 2-dimension-to-2-dimension mapping problem, and thus avoids the reconstruction error issue.
The superior performance of UMAP at larger scales according to our simulated results informed the choice of
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UMAP over t-Distributed Stochastic Neighbor embedding (Fig. S3A).

We apply three pre-processing steps to the data. First, we identify “doublet beads” according to our method
described above, and remove them. Using the normalized similarity matrix as an adjacency matrix, we can
construct a graph such that beads are represented by vertices/nodes and edges between them are weighted
by the normalized similarity. We then apply a published method for pruning “short circuit edges” in the
bead-bead interaction graph that confound the reconstruction (28). Finally, we compute the “k-core” of the
bead-bead interaction graph after doublet beads and spurious edges have been filtered out- that is, we
compute the largest subgraph such that all nodes have a minimum degree of “k”, which is set to 100 (using an
implementation in the NetworkX package). This is done to ensure that only beads with sufficient information for
spatial mapping purposes are kept.

This filtered bead-bead interaction graph is then clustered using the Leiden community detection algorithm to
group beads into clusters of at most 2500 beads. We convert the pairwise bead-bead similarity matrix to a
pairwise distance matrix using the method described above. However, since we would like to run UMAP with a
nearest neighbors value higher than 100 (the minimum degree in the network), we need to partially impute the
“missing” pairwise distance values for which there were no observed bead-bead interactions. To do this, we
predict the pairwise distance value for O counts using our regression function, and within each cluster of beads,
we impute any missing pairwise distances with this value. In this way, we can then compute a k-nearest
neighbor pairwise distance matrix with k=250, and use this precomputed sparse distance matrix as input to
UMAP. We initialize the UMAP using the PAGA algorithm(44). PAGA provides a force-directed layout
visualizing relationships between the bead clusters, in a manner that accurately represents the shape of the
underlying manifold. We use this to provide initial estimates of the centroids of each cluster, and then initialize
the beads in each of these clusters as being randomly distributed around these centroids according to a 2D
Gaussian distribution. We first compute an “initial UMAP” using this as its initialization and using fixed
hyperparameters.

We perform a grid search over the “min_dist” and “repulsion_strength” UMAP hyperparameters in order to
refine the solution. We define two metrics for hyperparameter selection; the inferred solution should be
contiguous (since we expect one unified sheet of beads, not broken up into “islands”), and the beads in the
solution should be as evenly spaced as possible. To assess the first criterion, we represent each putative
reconstruction (for each hyperparameter value) as a binary image such that each pixel, each spanning an
equal area of the reconstruction point cloud, is colored black if it has any points within it. This image is then
“eroded” using the scikit-image package to remove artifacts, followed by image segmentation using the
Chan-Vese algorithm. All solutions with more than one large object detected are discarded.

Finally, from the set of such valid solutions, we select the solution that has the most evenly spaced points by
first computing a 2D histogram of the point cloud to quantify the density map of the inferred bead positions. We
then calculate a chi-squared test statistic between this distribution of per-bin bead densities and the uniform
distribution, and select the solution that has the lowest test statistic as being closest to a uniform density of
beads. In this way, we are able to select the most optimal UMAP result over the hyperparameters in the grid
search.

Downsampling experiment and evaluation of -SNE vs UMAP
In order to determine how the reconstruction accuracy varies with the sequencing depth of the sender/receiver

library, we designed a synthetic downsampling experiment. We simulated a 40,000 bead array using the
framework above, parametrized using the counts of the asymmetric array experiment. We then downsampled
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the total counts of the simulated bead-bead interaction matrix to various levels ranging from 1% to 100% of the
total counts. For each chosen downsampling percentage, we attempted to reconstruct the spatial positions of
the beads and align them to the true known positions of the beads according to the simulation.

This registration was done in the following way. In a real-world experiment, if more information is provided on
bead positions through bead segmentation on brightfield or fluorescence microscopy images, we could then
align the inferred positions to the true positions. The alignment can be done by matching the positions of
“fiducial” beads, identified through hybridization to an oligo probe complementary to a partial bead barcode
sequence. However, since the precise one-to-one matching of fiducial beads is not known, we apply an
algorithm for the linear sum assignment problem, or the minimum weight matching problem for bipartite graphs
(implemented in scipy). In essence, the set of inferred positions for the fiducial beads can be represented as
one partition of vertices, while the true positions represent the other partition. The weights of the edges
between these partitions of vertices are defined by the pairwise distances between their respective positions.
The linear transformation that aligns the fiducial bead positions is learned through gradient descent,
recomputing the bead point matching at every iteration and minimizing the mean Euclidean error of the

matched points. The linear transformation is parameterized according to
[ i ] = ([ . Z ][ i ] + [ ; ]) @[ . ] for a total of 8 free parameters. After an initial alignment of the

fiducials, the point matching is then computed for all points. An optimal linear transformation to align all the
points is then performed and the point matching is recomputed.

The final point matching is then used to determine the final positions of the beads. Instead of using the inferred
positions of the beads, we use the positions of their inferred match, in effect “snapping” the inferred positions
onto the experimental lattice. In this way, we eliminate much of the positioning error as long as the matches are
correct. The result from these steps thus represents the more refined result that can be obtained using simple
brightfield microscopy and segmentation, and was applied to results from the simulation in order to quantify
reconstruction error (Fig. S3). We repeated this process 10 times for each downsampling percentage and
computed the mean Euclidean error of the inferred bead positions after alignment (Fig. $3). On the x-axis, we
plot the mean messenger UMI counts per bead after downsampling.

In order to evaluate the accuracy of t-SNE vs UMAP at various scales, we simulated rectangular hexagonal
lattice bead arrays at various different sizes and computed the t-SNE and UMAP reconstructions on this
bead-bead interaction data without breaking up the graphs into clusters. The reconstructions were then
registered and point matched to the ground truth as above, and the mean Euclidean error was calculated. The
median and interquartile range of 5 trials were plotted for each simulated array size.

R ing the | n the Snell :
For the Snellen diagram experiment, there were a few differences in how the reconstruction was performed
due to the scale of the experiment. First, instead of using the full “k-core” algorithm to remove beads with low
degree, we simply removed all beads with less than a degree of “k” in one step. Although this does not ensure
that the resulting graph will have a minimum degree of “k”, this was done for memory reasons and yields
roughly similar results. Second, in order to minimize observed distortions in the reconstruction, we kept the
remainder of the pipeline the same but computed the initial UMAP using 3 dimensions, rather than 2. This 3D
UMAP was then reduced to 2D to produce the final result in a second UMAP step, computed using a KNN with
a Euclidean distance metric on the 3D result (k=50), yielding our final result (Fig 4B). We were unable to
perform the hyperparameter gridsearch, also due to memory constraints. We then visualized individual letters
by cropping the corresponding regions in the reconstruction (Fig 4C). We created a binned image of the large
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letter “E” by tiling the reconstruction point cloud with equally sized squares, and summed up the squared
counts of the captured DAPI oligo to visualize the banding pattern (Fig. 4D). Horizontal and vertical line plots
were computed using the values in the bins that the lines intersected at each axis coordinate.

Segmentation of imaged fiducials and alignment with reconstruction

To validate the accuracy of our local reconstructions, we sought to determine whether the results agreed with a
partial ground truth obtained through optical sequencing. To this end, we stained the SCOPE array with a Cy5
channel (OLG_029) and FITC channel FISH probe (OLG_030) which hybridized to two distinct groups of
barcodes found only on a small subset of beads. The SCOPE array was imaged using a Keyence microscope
at 10x (NA 0.45, Nikon) using the EGFP and Cys5 filter sets from Chroma. We then applied segmentation and
point registration on the acquisitions in the following manner. First, image channels from the acquisition were
merged into a single gray scale image by summing all pixel intensities. Next, we subtracted the background
intensity and split the single-channel image into 36 equally sized tiles to optimize shape segmentation by Meta
Al's Segment Anything Model (v1). This deep learning model was used to generate masks and centroids of
FITC beads using the model’s default parameters. These centroids were then merged together to generate a
final point cloud representing beads hybridized by the FITC probe. The positions of the beads with barcodes
that match the FITC probe targets were registered using the methods described in the global reconstruction
section above. The optimal linear transformation that was learned was then applied to the Cy5 probes as
secondary validation.

Supplemental Text

Figs. S1 to S9
Inline with text

Tables S1 to S2

Table S1. Oligonucleotide sequences to generate barcoded and functionally capped SCOPE beads. The
full bead barcode consists of four sub-barcodes that are 10 base pairs each. Two 96 well plates of
oligonucleotide sequences are provided within each sheet, named “BC1”, “BC2”, “BC3”, and “BC4”. The two
plates consist of the top and bottom sequences of a barcoded splint with ligation overhangs. Once fully
barcoded with four rounds of splint ligation, beads are capped with one species of a decoder sequence for
capturing polyA-molecules, and twenty species of messenger sequences for capturing barcode-barcode
interactions. The twenty pairs of complementary messenger sequences used in SCOPE, as well as the
decoder sequence, are provided in the “Functional caps” sheet.

Table S2. Oligonucleotide sequences for SCOPE bead array experiments. Poly-dA oligonucleotides used

for the oligo-painted image, sequencing primers to generate the messenger and decoder libraries, and FISH
primers are included.
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